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Figure 1: Given a loop (red) on the surface of a solid (discretized as a tetrahedral mesh) of arbitrary topology (here genus g = 1), our
algorithm constructs a disk-topology surface (blue) inside the solid, bounded by the loop, that cuts the solid. As demonstrated on the right,
with an extremely convoluted loop (actually homotopic to the one on the left), this reliably holds regardless of the problem’s geometric
complexity: the resulting cut surface again is of disk topology, even if hard to see visually here.

Abstract

An algorithm for cutting solid objects in a topology-controlled manner is presented. Concretely, given a loop on the object
boundary, a disk-topology cut surface bounded by the loop is constructed in the interior. In contrast to various previous ap-
proaches, both disk topology and conformance to the prescribed loop are ensured by construction, while supporting not only
contractible but also incontractible loops on the boundaries of manifold objects of higher genus and arbitrary non-trivial
topology. We describe an implementation of this algorithm in the discrete setting, with triangle mesh cut surfaces embedded
in tetrahedral mesh objects. Making use of this novel cutting algorithm, we describe a method for the reliable construction
of bijective volumetric maps between solid objects, demonstrating the algorithm’s utility. This mapping method overcomes re-
strictions of the state of the art to topological balls, extending coverage to objects of arbitrary genus, specifically so-called

1-handlebodies.
CCS Concepts

» Computing methodologies — Mesh models; Volumetric models;

1. Introduction

Cutting is a basic operation in geometry processing and generally
when dealing with geometric objects. As such it has many appli-
cations. This work is specifically concerned with cutting solid ob-
jects. As is apparent from pertinent literature, this is relevant for,
e.g., object decomposition or segmentation [XGZ11, GMD*16],
mesh generation [Tak19, BC23], spline modeling [LLWQ13], and
volumetric mapping [HBC24], the latter in turn being relevant for
parametrization, deformation, or structure transfer, to name a few.
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Although it seems like an elementary problem, cutting in a way
that reliably satisfies the concrete needs of an application can be
difficult depending on the input as well as on the output require-
ments. Relevant desiderata are:

e control over the cut surface’s topology,
e control over the cut surface’s boundary geometry,
* no restrictions regarding the solid’s topology.

In particular, all of the above mentioned works require cut surfaces
of disk topology for their use cases.
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We present an algorithm that, for a given loop on the boundary
of a solid, reliably computes a surface of disk topology within the
solid, bounded exactly by the prescribed loop, provided it exists.
Solids of arbitrary manifold topology are supported, in particular
there are no restrictions regarding their genus.

In recent work an algorithm to compute boundary-constrained
disk-topology cut surfaces was proposed [HBC24]. It is fundamen-
tally limited, though, to loops that are contractible on the boundary,
which is generally the case only for ball-topology solids. Our algo-
rithm’s central principle is reducing the general problem to multiple
instances of this simpler contractible-loop-on-ball-topology-solid
scenario. We then solve these instances using an extended variant
of the above work’s surface shift approach, and combine them to
a solution of the general problem. We describe an implementation
of this algorithm in a discrete setting. The solid is represented by a
tetrahedral mesh, the cut surface is a triangle mesh discretely em-
bedded in the tetrahedral mesh.

Moreover, we present an application of this cutting algorithm
in a volumetric mapping method, demonstrating its utility. Con-
cretely, while recent volumetric map construction methods which
offer certain guarantees regarding map bijectivity are all limited to
solids of ball topology [HC23,NCB23,HBC24,NCB24], by means
of our reliable cutting algorithm we are able to extend one of these
to support solids of arbitrary genus, more precisely 1-handlebodies
(defined in Section 4.1).

After discussing related work on solid cutting and mapping in
Section 2, Section 3 deals with the cutting algorithm, while its ap-
plication in the context of bijective mapping is described in Sec-
tion 4. An empirical evaluation follows in Section 5.

An open source implementation of the algorithm is avail-
able online at https://github.com/SteffenHinderink/
DiskScissors.

2. Related Work
2.1. Cutting

The problem of constructing surfaces within solids has been ad-
dressed in quite a variety of ways in previous works, often to per-
form some form of cutting, segmentation, or decomposition. We
discuss these in the following, pointing out how each of these does
not meet one or more of the three above mentioned key desiderata:
cut topology control, cut boundary control, arbitrary-topology solid
support.

Ambient explicit surfaces One possibility is to construct in am-
bient space (essentially ignoring the solid) some disk-topology
mesh bounded by a given boundary loop, and then extrinsically
fair it — as done for solid partitioning for spline domain construc-
tion [LLWQI13, §4.2]. While this trivially ensures that the mesh is
a disk and matches the prescribed loop, it does not necessarily lie
entirely within the solid. The implied cut surface, i.e. that part of
the mesh actually intersecting the solid, may be of non-disk topol-
ogy, may have a boundary that differs from the prescribed loop, and
may self-intersect.

Ambient implicit surfaces Another option is to define the sur-
face, again in ambient space, as a level set of an implicit func-
tion, modeled as, e.g. Hermite thin-plate splines, as done for block-
structured hexahedral meshing [Tak19, §4.1], hex-dominant mesh-
ing [LPP*20], and for isogeometric analysis using hexahedral seg-
mentations [HJ17]. Due to their ambient nature, again there is
no guarantee regarding the resulting cut surface topology and its
boundary. Furthermore, a given boundary loop (or general curve)
is generally matched only approximately.

Intrinsic implicit surfaces Other approaches make use of implicit
functions defined on a discretization of the solid, in particular a
tetrahedral mesh. A popular choice is a discrete harmonic field,
obtained by solving the discrete Laplace equation on the mesh,
subject to constraints — as done for structured volume decompo-
sition for parametrization [GMD* 16, §3.2] and mapping [HBC24,
§5.2.1]. Using suitable constraints, the (discrete) zero-isosurface of
this field can be forced to meet the solid’s boundary (at least) along
a prescribed loop (or general curve). Unfortunately, the isosurface’s
topology is uncontrolled [GS25]; it cannot, e.g., be constrained to
disk topology.

Intrinsic explicit surfaces The surface can also be computed as
some form of minimal surface, discretely embedded in the tetrahe-
dral mesh, spanning given boundary loops. This can be approached
using graph partitioning techniques [XGZ11, §4.3, LAPS17, §6] or
using (relaxed integer) linear program (LP) formulations [Gra06].
Unfortunately, also methods based on intrinsic minimal surfaces
do not offer control over or guarantees regarding the resulting cut
surface’s topology [DHS10].

Surface shifting Lastly, in case a given loop bounds a disk in
the solid’s boundary, this disk-topology subset of the boundary
can be used as initialization for the cut surface. This initial sur-
face can then be discretely shifted into the interior of the solid,
keeping only the boundary loop fixed and maintaining topology
[BC23, §6.1.2, HBC24, §5.2.2]. This guarantees boundary loop
conformance and disk topology. However, since this relies on the
initialization already having disk topology, this approach is re-
stricted to loops that are contractible on the solid’s boundary;
the particularly important case of cutting handles of higher-genus
solids (as in Figure 1), for instance, is not covered by this approach.

2.2. Mapping

Injective and bijective maps between shapes, or between shapes and
parameter domains, are a fundamental tool in many applications.
While for the 2D/surface case the construction and optimization
of such maps are well-understood problems, with relatively sim-
ple sound solutions such as Tutte’s embedding, the matter is more
intricate in the 3D volumetric case.

Variational Many volumetric mapping methods aim for bijec-
tivity by optimizing for some injectivity or bijectivity promot-
ing distortion objective function defined on a tetrahedral mesh
[NZZ20,DAZ*20,GKK*21,DKZ*22,JWP*22, ASGS23,POK23].
While supporting solids of arbitrary topology, these optimization-
driven approaches do not guarantee yielding a bijective result.
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Figure 2: Three loops (LO, L1, and L2, red) on the boundary of a solid torus M (left). A virtual cut (blue) yields a simply connected
boundary B; three copies of a 2D embedding of B (punctured at some point) in 2D is shown on the right to clearly depict the configuration
of the individual loops. The two (opposite) inner parts of B, that lie along the two sides of the virtual cut, are marked in blue. LO bounds a
disk on 1M C B, which can be shifted inside (based on M) to obtain disk DO. L1 bounds a disk on B, which can be shifted inside (based on
the virtually cut M) to obtain D1. L2 is split into two paths on B at the vertices a and b. The algorithm connects the open ends across the blue
inner parts (dotted curves). This yields multiple loops that bound disks on B that all can be shifted inside to combinedly form disk D2.

Combinatorial On the other hand, bijective volumetric mapping
methods based on combinatorial principles have been described for
increasingly general target shapes (alongside combinatorial map
construction methods for the 2D case [Liv24a, Liv24b, FBRCA23,
CFLF25]). Maps to spheres and cubes can be defined through foli-
ations [CSZ16, HG15]. Extension to more general star-shaped tar-
gets is achieved by expanding on this idea and locally applying it
in so-called galaxies [HC23] or contracting all inner vertices and
then expanding them within certain cones [NCB23, NCB24]. By
compatibly decomposing source and target into star-shaped compo-
nents, multiple such maps can be assembled to a map between arbi-
trary shapes of ball topology [HBC24]. While offering bijectivity-
related guarantees, all these methods are restricted to (subclasses)
of ball-topology solids.

Our cutting algorithm allows generalizing the latter method to
arbitrary genus solids, formally 1-handlebodies. In essence, using
the algorithm we are able to reliably perform the compatible solid
decomposition into star-shaped components on this broad class of
objects.

3. Cutting
3.1. Problem Statement
We begin by formally and precisely defining the problem setting.

Let S be a pure geometric simplicial d-complex in 3D. If d =3,
S is a tetrahedral mesh. If d = 2, it is a triangle mesh. If d = 1, it
is an gge mesh. The carrier of S is the union of all its simplices,
[S] = ~,ess € R. The closure (-) of a subset of simplices of § is
the smallest simplicial complex containing them; for instance, the
closure of a set of 2-simplices (triangles) includes their incident 1-
simplices (edges) and O-simplices (vertices). The boundary S is
the closure of all 4 — 1-dimensional simplices in S that are faces of
only one d-dimensional simplex in S.

An edge mesh with a connected and 1-manifold carrier is a path.
A path without boundary is called a loop. We call a loop L con-
tractible in a mesh S D L if its carrier [L] is contractible in [S] in the
topological sense [Hat02].
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Input The input is a tetrahedral mesh M, such that [M] is 3-
manifold with boundary, together with a prescribed loop L C 1M
contractible in M.

Output The output is a triangle mesh D C M’, discretely embed-
ded in a possibly refined version M’ of M, such that M’ ND =
D = L and [D] has disk topology.

Note that loops that are not topologically contractible in M do
not permit a solution by definition. If M consists of multiple con-
nected components, only the one containing L is relevant to solve
the problem; hence, w.l.o.g. we assume M to be this single con-
nected component in the following.

3.2. Approach Overview

The surface shift technique detailed by Hinderink et al. [HBC24,
§5.2.2] following an idea of Briickler and Campen [BC23, §6.1.2]
solves this problem for the special case of L bounding a disk in M.
We provide a recap of this technique in Section 3.5. This is the case
iff the loop is contractible on the boundary, such as L0 in Figure 2.
We call such loops trivial in the following.

But on objects with boundaries of genus g > 0, there are non-
trivial boundary loops, that do not bound disks on the bound-
ary. Our algorithm’s underlying idea to deal with this is two-fold.
First, we virtually cut the solid M such that the resulting boundary
B D M is simply connected, of sphere-topology. Intuitively, one
can think of B as the membrane of a balloon (of genus 0) that is
maximally inflated inside M. Every loop on M that also forms a
loop on this new boundary B, e.g. L0 and L1 in Figure 2, is con-
tractible on B and therefore can be handled by applying the surface
shift technique on the virtually cut version of M.

Second, we note that loops on M may cross the virtual cut, such
as L2 in Figure 2, thus may form not a loop on B. In such cases
the sought disk surface D must also cross the virtual cut, i.e. it must
intersect B in the interior of M. We algorithmically determine a
suitable intersection pattern on B, creating paths on the inner parts
of B. These paths close the partial loops that the original loop is
split into by the virtual cut, forming multiple loops on B. The above
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Figure 3: 2D example for the virtual cut. The edges in F are
marked in black, before (left) and after (right) the pruning step.
The resulting boundary B is indicated in blue.
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Figure 4: A simply connected boundary B with three sides and two
parts per side. Pairs of opposite parts are marked in the same color.
The loop L is split into three paths on B at the vertices a, b, and c.
The connecting paths (dotted curves) cross a copy of the vertex d
each.

technique can then be appliedSto each of these, such that the result-

ing disks,D;, together forrD= ; D.

These two key ingredients, ball cutting and loop closing, are
detailed in Section 3.3 and Section 3.4, respectively, followed by

the adaptation of the surface shift technique to this setting in Sec-

tion 3.5.

3.3. Ball Cutting

First, M is virtually cut to ball topology, yielding a simply con-
nected boundarf. The procedure is similar to algorithms for cut-
ting surfaces to disk topology [GGHO02, LBHH23].

3.3.1. Balloon in ation

Pick an arbitrary tetrahedron M, mark it as visited, and initialize

a setF, conceptually the initial balloon membrane, with its four tri-
anglesF is then in ated discretely by iterating the following: Let

be a tetrahedron adjacent to a visited one &ide shared triangle
between them. The trianglesoére added t&, f is removed from

F, andc is marked as visited. This is repeated until all tetrahedra
have been visited. Equivalently,can be obtained as the set of tri-
angles ofM that are not crossed in a breadth- rst search, starting
from the seed tetrahedron, on the dual grapMof

By construction, the solid region enclosed by the triandtes
maintains its initial (ball) topology throughout the process. Hence,
in the end, when all tetrahedra are enclogdtl,n[hFi] is of ball
topology. In other wordshFi cutsM to ball topology. Figure 3
illustrates the outcome on a 2D example.

Pruning Many triangles can be removed frofwithout chang-
ing the topology of the cut solifM] n[hFi]. For ef ciency of the
subsequent steps, it is advisable to do so. To this end,Rfteob-
tained as described above, any triangle whose removalfrdioes
not create a hole ifr and does not cut a bridge I is greedily
removed fromF. This is repeated until no more triangles can be
removed. Figure 3 shows this for the 2D example. Note tRat
consists offM and interior components (the actual cut).

3.3.2. Boundary extraction

Based orF, the boundanB is created. For every simples@ hFi
and every side oF it lies on, a copy of is added taB and con-
nected accordingly: LeE be the set of tetrahedra incidentdoF

partitionsC into subset€; of tetrahedra on different sides — in Fig-
ure 2 at most two, in Figure 4 at most three. For e@ch copys

of sis added tdB. The connectivity of simplices iB is de ned as
follows: LetC(s) = Ci. A simplexa s a face of a simplek in B

if C(a) C(b).

Note thatB is not a geometric triangle mesh in the sense of Sec-
tion 3.1 because it contains geometrically coincident elements, the
multiple copies of certain simplices. Combinatorially, though, it
is a closed manifold triangle mesh. Furthermore, as it forms the
boundary of the ball-topology ci, B is combinatorially simply-
connected, i.e. of genus 0. Note that this also allows us to visual-
ize B using 2D plane embeddings, which is utilized in the 2D views
in Figure 2 and following. They show plane embeddingB pfinc-
tured at some point; the circular boundary of the disk corresponds
to this point.

3.4. Loop Closing

If Lis aloop also oB (asL1 in Figure 2), the surface shift algo-
rithm can now be applied directly to yield a diBkBut L may fall
into multiple pieces o, like L2 in Figure 2. In this case the loop
in general forms an edge me3h B containing multiple paths
on B. To the best of our knowledge, there is no known way to re-
liably prevent this, i.e. to construét dependent on a given lodp
such that they are guaranteed not to interfere.

Note thathFi can be non-manifold, not just where its interior
components meet the boundary but also within these interior com-
ponents, in the interior o¥1 as in Figure 4. We also call an edge
of B non-manifoldif it corresponds to a non-manifold edgetini .

The non-manifold edges partitioB into parts Parts coinciding
with M areboundary partsthe others arener parts Inner parts
come in pairs, each inner part hasappositepart. In simple cases,
each inner part is surroundedBrby one boundary part (Figure 2).
More generally, inner parts can be adjacerBjnve say that edge-
connected components of inner part8iform aside(Figure 4).

L touchesan inner part if it contains a vertex but no incident
edges corresponding to that pdrtruns alongan inner part if it
contains an edge corresponding to that patt.dfhly touches inner
parts,X is uniquely determined, as for every edgelithere is a
unique corresponding edge B WhereL runs along inner parts,

© 2026 The Author(s).
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however, there is ambiguity due to multiple copies of these edges triangle may be needed. A similar re nement strategy is also de-
in B. While any copy can validly be picked in such a case, it is scribed by Kraevoy and Sheffer [KS04]. To maintain conformance,
preferable to minimize the resulting number of componentX in  the splits are also performed i and on the opposite part Bl

to reduce effort in subsequent steps. Hence, we deteribg

walking alongL, edge by edge, and always picking that copin  Opposite path Since the pathP on | does not contain non-

for inclusion inX that is adjacent to the edge previously added to manifold edges oB, every edge irP has a unique counterpart on

X, if available. the opposite part. These counterpart edges form the opposite path

The loop pieceX lie in the boundary parts, their open erfi¥6 P. Both pathsP andP, are then added %, i.e. X is settoX[ P[ P,

. . . . before the next connecting path is constructed. We remark that, in
lie on the boundary of inner parts. Our goal is to bridge these gaps — . ; o

. . . S egeneraIP may connect tX at vertices not yet i© — this is where
across inner parts, so as to form loops again, by adding paths insid vertices of valence 2 in X arise. It may also not be connected to
the inner parts that connect open ends. We construct these addi- o Y )
. . ; A . X at all, or only at one end, yielding new open end©in
tional connecting path;crementally, as detailed in the following.
In this we respect the requirement that these connecting paths are

consistent across opposite parts, i.e. when a path is added to oné-4-2. Untangling

part, an identical_(o_r rather mirrored) copy needs to be added_to itS OnceX only has vertices of even valence, i@ (ignoring virtual
opposite part. This is done untl, supplemented by the connecting  yertices) is empty, it forms a collection of loopk;g. In the typical
paths, consists of only loofpd.;g. The connecting paths essentially  ¢a5e all vertices i have valence 2, such that the connected com-

_de ne the intersection of the sought disk surfar_zevvith B in the ponents ofX readily form these loops. In general, though, loops
interior of M, hence the above consistency requirement. may touch, i.e. share single vertices. These are the vertices of (even)
valence> 2 in X. As we require non-crossing loops, at such ver-
3.4.1. Connecting path tices inX an incident edge needs to be part of the same loop as
either its clockwise or counterclockwise neighbor. This leaves two
Let O be the vertices oX with an odd valence iXX. In order to form connectivity choices per vertex of valenee2, both lead to non-
loops, every vertex ok must have an even valence, so paths must crossing loops by de nition, so we can pick either. If a resulting
be appended to the vertices Note that typicallyO = X, i.e. the loop touches itself at some vertex, we split it into two (touching)

open ends (valence 1) for@, but in the course of the algorithm,  |o0ps — recursively, where necessary, until all loops are simple.
vertices with an odd valence 2 may arise irX and these must be

treated as open as well. 3.4.3. Connection pattern

To reduce algorithmic complexity, we add paths on the level of
parts rather than on the level of sides (which can consist of multiple
parts in structurally diverse con gurations). As, however, the con-
nection of two open ends may need to span multiple parts within a
side (see Figure 4), we addtrtual open ends
to O. These do not have to, but may be used.

For this, one vertex is added peniquecon-
nection of inner parts. In the inset gure, for

In simple cases, if the input lodp intersects only components of
the virtual cut that do not contain inner non-manifold edges, i.e. if
it only interacts with one-part sides B, and this not more than
twice per side (like all loops in Figure 2), there is only one com-
binatorially unique way to add connecting paths: per part there are
only no or two open ends that need to be connected (independently,
i.e. in arbitrary order).

one exemplary part (green) the vertices of Then there are cases, again involving interactions only with one-
O are marked in red, circles indicate virtual part sides, but more than two per part, as in Figure 5. In such a part,
ones. The grey parts are the boundary parts. with 2n open ends, there af&, combinatorially distinct ways of

) ) connecting them using non-crossing pathsbeing then-th Cata-
Lets;t 2 O be any two vertices on the boundary of one inner part lan number

| B.Aconnecting patf® | between them, i.e. witfiP = f s;tg, !

in the form of a sequence of edges is searched using a breadth- rst Co= 1 2n

search applied ih, excluding its boundar§il (excepts andt) and ""h+1 n

other connecting paths possibly already constructeld dfe detail ) ) )
in Section 3.4.3 which pairst are selected to be connected. In some of these cases any of th&eoptions can be picked, in

others only some choices ultimately lead to a valid result. Instead

. f ing algorithmi mplexi r rmine and plan ah

Re nement If a path cannot be found we search for a dual path in- 0 ?ddl g aigo ithmic comp ex!ty t_o predetermine and plan ahead
which choices these are — which is a hard non-local problem due

e et 0 MEyof ll sch pars e ot 0 enumerate thse s
P 9 9°€S, TS htil a valid one is found, motivated by the observation that high-

dual path exists regardless of tessellation (in contrast to the above . . . . : )
) . . scenarios are theoretically interesting but practically atypical.
primal edge path), as long &ss continuously reachable from

This dual path is then turned into a primal path, using the edges The most complex class of cases are those with the input loop in-
along the left or the right of the strip. Where these edges cannot betersecting also non-manifold components of the virtual cut. In such
used (because they run aldfigor another path), the meshisre ned cases, in general, also sides of non-trivial (e.g. annulus) topology
by splitting inner edges of the strip to pave the way for the primal can arise, causing a potentially in nite number of topologically dis-
path. If the strip consists of a single triangle, a 1-to-3 split of this tinct connection patterns (technically facilitated by the virtual open

© 2026 The Author(s).
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the inner parts' Catalan numbe@s, and they are easily enumer-
ated lexicographically. Next, for each of these, all possibilities of
adding a second connecting path are tried, and so on. This can be
implemented as a breadth- rst search over the statéswith dif-

d ; c ferent connections made. Whenever a complete pattern is reached,
a € b the above stopping criterion is checked. Figure 6 shows an example
h g of this search.

3.4.4. Termination

Figure 5: Two times two opposite parts (marked in the same color) ¢ the input loopL permits a disk topology surface, it is eventu-
with four initial open ends each. The loop L is split into eight paths ally found by the above algorithm. To see this, it [M] be

on B at the vertices a-h. If the open ends are connected with pathsg,cpy 5 surface witiD = [M]\ D =[L] and disk topology. We
ad, bg, cf, and eh (as indicated by the dotted curés)gj = 3 can, if necessary, locally perturb its interior to be in general posi-
andc= 16 1 The implied surface has the topology of a torus tjon, meaning it intersectsFi only in curves, and non-manifold
minus a disk. The other three ways of connecting the open ends leady._interior edges ofFi only in points, i.e. tangential intersections
tojf Ligj = 5andc = 1, implying a valid surface. are avoided. Likewise, ifiD locally runs along the virtual cut, i.e.
along non-manifold edges &Fi on M, we can perturb the inte-
rior of Dsuch that at least amstrip along that edge lies on that side
of the virtual cut that the corresponding edgé iis mapped to irB

ends). Nevertheless, the space of optiormisntablyin nite, pat- éo form the initialX (as described in Section 3.4).

terns can be enumerated, such that also in such — rare but possibl
— cases the trial-until-valid strategy is applicable. Now, DintersectsB in nitely many closed curves, i.e. loops. If
one of these loopy, , is entirely contained in one (inner) side, and
Stopping criterion Before we discuss the enumeration of connec- bounds a disk regioD in that side, this indicates that the surface
tion patterns for trial, let us clarify when to stop, i.e. how to de- D locally protrudes through this part (and possibly further ones).
termine if a connection pattern is valid. Regardless of the chosen We further deform the interior dD so as to retract such local pro-
pattern (that leaves no open ends), we yield a set of non-crossingtrusions, getting rid of all such side-contained intersections. Con-
loopsf Lig, contractible onB. Hence, for each of them a digl cretely,L partitionsbinto a disk (the protrusion) and an annulus;
in the interior of M can be constructed (see Section 3.5); doing cutting out the disk and replacing it by digk followed by local
this sequentially allows ensuring they are disjoint away from their perturbation to resolve the tangential contact, yields the retracted
boundaries. Due to connecting path compatibility across opposite result.

parts, these disk join to a connected surface, bounded only by 4 jntersection pattern thBtnow forms withB, consisting of
L. The only aspect that may vary across connection patterns is theq, . is one that our algorithm can represent in terms of connectiv-
topology of this joint surface. If it has disk topology, the current . 'Ng Joop is contained entirely in an inner part, but either spans

pattgrn is valid, the enumeration can stop. Otherwise, it needs tomultiple parts or lies on just a boundary part, by construction. The
continue. setO of possible connection path endpoints in our algorithm, with
This can be checked without explicitly creating the diEksind virtual open ends, (Section 3.4.1) is designed to permit exactly all
joining them toD, since[D] has the same topology as the the ab- different crossing patterns across parts a loop may take within a
stractpolygon mesll in which every loop; bounds one polygon. side, as long as the loop is not a trivial loop entirely contained in
It has disk topologyiff it is manifold and its Euler characteristic @ part. The algorithm will thus eventually encounter this connec-
¢ = 1. Both conditions only depend on the connectivitydol et tion pattern in the enumeration. When it is encountered, the surface
Vv Mbethesetofverticesarifl; M the setof edges of which  [D] constructed by the algorithm will be homeomorphidiathus
a copy exists irX. ThenVyy are the vertices anBly the edges of  satisfy the disk topology requirement, such that the algorithm ter-
d. By construction, the surface is manifold at most of these; only minates.
vertices for whichX has vertices of valence 2 need to be checked

for manifoldness. The Euler characteristic can be calculated as ~ Excessive search spacé jfXj is initially large because crosses
the virtual cut formed byF many times, many connecting paths

c=JjWj j Ewmj+jfLigj. are necessary, thus the enumeration of many (partial) connection
patterns is required. This can lead to excessive run time. In our ex-
An example of a connection pattern that implies a surface that periments we limit the algorithm to explore no more than 1000000
is manifold but withc 6 1 is given in Figure 5. Conversely, there  states. This limit was reached in about % of our tests (presented
exist triangle meshes bounded by a loop and with 1, but non- in Section 5). In such cases the implementation picks a different
manifold, that could result, e.g. a M&bius strip with a sphere at- random seed to determiffeand restarts; this led to success within
tached at a non-manifold vertex. Hence, both properties indeedthe limit also for those few cases. Potential improvements are dis-
need to be checked. cussed in Section 5.3.

Enumeration First, all ways of adding one connecting path (one Invalid input loop L must be valid, i.e. permit a disk-topology
step of adding® andP) are tried. Their number is the product of surface. IfL is invalid, e.g. if it is a tunnel loop [DLSCSO08], the
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Figure 6: Part of the search graph for the instance from Figure 5. Every node represents a different state of X. With every step, one path and
its opposite is added. While the rst way of connecting all open ends (top) yields a non-disk surface (cf. Figure 5), the second way (bottom)
yields a disk surface. This state (or another of the valid nal states) is eventually reached and the search terminates.

algorithm may not terminate. It will terminate if the search space Non-manifold extension Note that whileD; is 2-manifold in terms
is nite (see the discussion in Section 3.4.3). Invalidity can then be of connectivity, its embeddinfy;] may initially be non-manifold
concluded from the stopping condition not being satis ed. We can geometrically, e.g. due to containing opposite parts. We extend the
also conclude invalidity (and terminate early) if initially any side surface shift algorithm to handle also such initial con gurations.
has an odd number of open ends (not shared with an adjacent side)Concretely, multiple copies of the same simplexMbtan occur in
D on different sides. For each copy a shift operation is performed
35. Sub-Disk Construction to its respective side. We rede ne the oor to be the set of all sim-
plices ofD; of whichsis a face. This differs slightly from the previ-
Once the search for a valid pattern terminates, the nal task is to 5 de nition and is necessary to properly cover also the case of the
construct the diskB in the loops Lig. A loopL; dividesB into two initial D; being folded onto itself, back to back, such that all tetrahe-
halves because it is simply connected. Each of these halves has thgj 4 incident to certais lie on the front, i.e. the dome is effectively
connectivity of a 2-manifold surface of disk topology. We initialize  foged onto itself and contains the oor in its interior rather than on
D B as one of these halves — we pick the smaller one. Then jig boundary.
D is shifted intoM, off of B, keeping only its boundary xed at
L;. This is done using the surface shift algorithm [HBC24, §85.2.2],
discussed below.

3.5.1. Surface shifting

Let us recap the surface shift algorithm. It operates incrementally

and discretely, applying a local shift operator to individual sim-

plices of the surface to be shifted. For a simpéeX Dy, thedome —_—> —_—>
of s (illustrated in the inset) is the closure of

the set of tetrahedra incidentsdn front of D;.

The oor (blue) of a dome are the simplices

on its boundary of whicls is a face. Theeil-

ing of a dome is the complement of its oor's

closure in the dome's boundary. A simplex in

the ceiling isforbiddenif it is in M or in D;. By splitting cer-

tain dome simplices, a buffer between the oor and the forbidden
simplices can be created; the new (lower) ceiling then is entirely
non-forbidden. The shift operator, appliedsaremoves the oor
from D; and adds the ceiling to it, effectively shifting the surface
away froms. This operator is applied to the inner vertices, then the
remaining inner edges, and then the remaining triangles (if any) of
the initial . See Figure 7 for an example.

Figure 7: Left: Surface (blue) bounded by the loop (red) initialized
as the bottom half of the mesh boundary. Center: It is shifted away
from the boundary using atomic operations that shift across a dome
of tetrahedra; after having applied this operation to all boundary
elements in the interior of the surface, it only intersects the mesh
boundary along the loop, while disk topology is preserved. Right:
Through further shifts, this disk surface can be shrunk for simpli -
cation.
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Furthermore, in the context of our algorithm, besidé4 and
D, alsoB as well as previously shifted sub-disks; j < i, need
to be considered as forbidden. This is to ensure that the different Y2
sub-disks do not intersect each other, such that theDndbes not ‘

N,

self-intersect.

Y3 \N3

Note that although the domes and oors may be non-manifold,
the ceilings still are manifold. Therefore, the shiftedends up
manifold also in terms of its embeddifig ], as required. Y1
—

Ny

g

3.5.2. Surface shrinkin
9 Figure 8: 2D example for the mapping method based on compati-

As optional result simpli cation, afteD is created, we apply fur-  ple decomposition. N is decomposed into star-shaped components

ther shifts (not requiring re nement) across domes wherever this f Njg. The vertices (red, analogous to loops in the 3D case) bound-

decreases the surface areabpfcf. Figure 7.B can now be disre-  ing the interfaces (thick lines) between the components of N are

garded for this, onl)ﬂM andD must be considered forbidden. mapped to M with the gi\/en boundary m@ap 1_ In M, the Cu’[ting
algorithm is then utilized to create structurally compatible inter-

4. Mapping face curves (disk surfaces in the 3D case).

Making use of the presented cutting algorithm, we are able to gen-

eralize the bijective volumetric mapping method by Hinderink et

al. [HBC24] from ball-topology solids to a much broader class. dral meshM, such tha{M] is a 1-handlebody, and an orientation-

Concretely, the set of all solids, i.e. compact 3-manifolds Preserving bijective continuous boundary mapf[M]! fIW, lin-
with non-empty boundary embedded R®, can be classied ear per bou_ndary triangle, onto target shdpd he output is a bi-
into so-called 0-handlebodies, 1-handlebodies, and 2-handlebodied€Ctive continuous mal : [M]!  W. The target shap@is de ned
[Mat02] — more details below. While the former method supports bY ¥ and has the same topology 8], enabling the homeomor-
only O-handlebodies (that all have the topology of a ball only), our Phism.

generalization adds support for 1-handlebodies (often referred 0 |n the following we reiterate the method's main steps, detail-
simply as handlebodies). This is a topologically much larger class, jng the change that involves the introduction of our novel cutting
containing solids with boundaries of arbitrary genus. algorithm. For details on the unaltered parts we refer to the orig-

The only class of solids that remains unsupported are true 2- inal publication.[HBC2'4]. Note that the reason for the Ii.mitation
handlebodies. These are rather rare in practice. For instance, onlyl© 1-handlebodies (which includes 0-handlebodies) lies in the fact
1:0% of the manifold solids from the Thingi10K dataset [zJ16], that we make use of cutting using disks — by means of the above

generated by TetWild [HZGL8], are not 1-handlebodies but 2- proposed cutting algorithm. 2-handlebodies require more complex
handlebodies. (annulus-topology) cuts to be completely decomposed into topo-

logically trivial components, as required in the mapping method.
4.1. Handlebodies A 2D illustration of the method's principle is given in Figure 8.

A k-handlebody is any 3-manifold that can be obtained by repeat- .
edlyattachingl -handleswithl  k[Mat02]. Attaching a 0-handle 4.2.1. Star decomposition

just means adding a disjoint topological ball, i.e. another compo- Wis tetrahedrized to a tetrahedral mé&sHN is partitioned into star-

nent. Attaching a 1-handle means gluing a topological ball to exist- shaped components\ig. We replace the generic LP solver used
ing components in two places, with both gluing sites of disk topol- in previous work for this partitioning by the algorithm of Seidel
ogy. This, e.g., can turn a ball into a solid torus, a solid torus into a [Seij91], which we nd to be signi cantly faster. This is due to the

solid double-torus, etc. Attaching a 2-handle means gluing a topo- employed LP being low-dimensional, having only four variables.
logical ball to an existing component along an annulus-topology

gluing site. This, e.g., can turn a ball into a ball with a ball-topology
inner cavity. The above mentioned?6 of true 2-handlebodies in
that dataset contain one or more cavities (of varying topology) each. Next, M needs to be decomposed into componé&éMgy, such that
Besides such solids with cavities, another (very rare) type of solids this decomposition is compatible, structurally identical to the de-
whose construction requires attaching 2-handles (thus are not 1-composition ofN. This is done proceeding component by compo-
handlebodies) are nontrivial knot complements, i.e. solids pierced nent. A componenh; is picked (e.gN; in Figure 8), its interface

by tunnels that are knotted. with the rest of the mesh being of disk topology. The boundary
loop of this disk is pulled-back froml to M using the prescribed
boundary map's inverse. A disk-topology cut surface bounded by
this loop is computed iM, forming the interface in correspondence
Besides lifting the ball-topology requirement, the overall setting with the one irN. Then the componentd andM; are virtually dis-

for the mapping remains unaltered: The input is a source tetrahe-carded, and the remainder processed further. After all components

4.2.2. Compatible source decomposition

4.2. Method Generalization
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Figure 9: Five meshes (IDs 444375, 488050, 669971, 99933, and 376 245), each with one of the boundary loops (red) generated by
HanTun [DLSCSO08] and the resulting disk surface (blue). The dataset includes cutting instances of varying complexities, from relatively
simple (left) to complex (right).

are processed, the compatible decomposition is complete. We re-4.2.4. Per-component mapping
mark that the star-shapedness requirement only applies to the taraq in the orignal work, for the nal step of creating bijectios :

get, not the source. [Mi1! [N;] per component, existing methods that support at least
In the case tha¥! is of ball-topology, it could always be ensured  star-shaped targets [HC23,NCB23,NCB24] can be used. Together,

that the interfaces are single disks and their boundaries trivial loops. these form the sought bijection.

In our more general setting, they may consist of multiple disks and

their boundary loops may be non-trivial, most importantly when a 5 Evaluation

component is processed whose removal reduces the genus — such

asN, in Figure 8, afteN; was discarded. By sequentially treating We evaluate the proposed cutting algorithm (Section 5.1) as well

these multiple disks and employing our proposed cutting algorithm @S the presented general bijective mapping method that makes use

from Section 3 that supports non-trivial loops, also such cases are©f it (Section 5.2). All experiments were conducted using single-

covered. The implementation needs to take care that the Compo_threaded implementations on a system with Intel Xeon Platinum

nent s only discarded once all its interface disks are processed, and462Y+ processor @:2GHz.

that the possibly multiple cutting disks constructed for one compo-

nent remain disjoint — effectively by marking them forbidden for 5.1. Cutting

purposes of the surface shifting. 511 Dataset

We make use of the tetrahedral mesh version of the Thingil0K
dataset [2J16] from the supplemental material of TetWild
[HZG 18]. It contains 8399 manifold tetrahedral meshes.

To all these we apply HanTun [DLSCSO08] to generate multi-
ple topologically distinct handle loops per mesh, which are incon-
tractible on the solid's boundary, thus cannot be handled by previ-
ous work [HBC24, 8§5.2.2]. A tetrahedral mesh together with one
algorithm, based og non-homotopic handle loops} andN could such loop is one cutting problem instance._ N_ote that HanTun a_lso

generates tunnel loops; these are not valid inputs for the cutting

rst be compatibly cut to ball topology using cut disks each, - . . . .
the prescribed boundary map be extended onto these (as in Sec[nethod as they, by de nition, do not permit a solid-contained disk.

tion 4.2.3), effectively resulting in a ball-topology mapping prob- The HanTun implementation provided by the authors is not un-
lem — to which the argument applies again. But, similar to the ob- conditionally robust, so it does not yield the theoretical maximum
servation in previous work, this scenario appears to be of merely of the number of handle loops. Yet, a total of 35790 problem in-
theoretical relevance. No such re nement or special handling was stances are obtained in this way, availablehtips:/github.

The total number of cut disk problems to be solved changes in
this generalized setting frojiNigj 1 tojf Nijgj+ g 1 (per com-
ponent, iffM] consists of multiple connected components), wigere
is the genus of 1-handlebodiy.

It was pointed out [HBC24] that, in theory, 4 with a disk-
topology interface may be selectable at some point, but that this
could be remedied via re nement of the components. The argument
for this remedy relies on the ball topology Wf Using our cutting

required in any experiment. com/SteffenHinderink/DiskScissors

4.2.3. Boundary map extension 5.1.2. Cutting results

The extension of onto the component interfaces is performed as The proposed cutting algorithm succeeds on all 35790 instances. In
in the original work, employing the recursivgangulation align- Figure 9, some of these instances are presented together with their
mentalgorithm. resulting cut surfaces.

© 2026 The Author(s).
Computer Graphics Forum published by Eurographics and John Wiley & Sons Ltd.



10 of 14 S. Hinderink & M. Campen / DiskScissors: Cutting Arbitrary-Topology Solids for Bijective Mapping

%) A 3 1 10
%] e £ T 1
£ 10° £ 10
a o 2 9 1 4 20
o o} 8,, 1 I 4 .
2 g
_g 107 g 4l 1 12 1 16 75
° gS]
= 2 4 15 280
2 & 4t T T e
g 10 g
E E ,| 1183
z ] z
100‘ -+ -+ > 0 } } } } } } } } >
10° 10t 102 0 2 3 4 5 6 7 8 9 10
g Number of initial paths

Figure 10: Genera g of the boundary component of M containing Figure 12: The number of paths that loop L is initially split into
L versus the number of inner parts in B resulting from the algo- on B, versus the number of connection paths added to close the

rithm for all cutting problem instances. At lea2g (indicated by loops, i.e. twice the depth of the breadth- rst search. The area of the
the blue line) inner parts are necessary to yield a simply connected dots is proportional to the number of instances with the respective
boundary. numbers of initial and added paths. In most instances, L remains a

loop on B. In the remainin@990instances, it is split into multiple
pieces. The three instances with a single initial path yet requiring

A additional connecting paths may seem surprising: in these the loop
3000 is split at a single point, where an inner piece of B toucfikls
2000+ =

s 10°
©
1000+ L
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Figure 11: Histogram of the number of initial open ends incident
to the same side over all sides in the instances that are actually hit. 10° 104 10°

Number of tetrahedra i

Figure 13: The number of tetrahedra in the initial mesh M ver-
The instances contain a variety of genera. The required complex-sus in the nal mesh M The lower line indicates the identity. In-
ity of the virtual cut to yield the simply-connected bound8y.e. stances on this line are not re ned at all. The upper line indicates
the lower bound of the number of inner parts, grows with the genus a re nement factor o®, i.e. for instances on that line the number
of the mesh. Fewer inner parts are preferable in terms of loop clos- of tetrahedra is doubled. Onli/7 instances lie above that line, the
ing ef ciency; Figure 10 gives an idea of the level of effectiveness maximum re nement factor is belo2vé.
of the simple balloon in ation approach in that regard.

On these inner parts fewer initial open ends are preferable. Espe-
cially the number of open ends per side is a major factor in the size
of the search space, as these need to be connected in some wa
Figure 11 shows that this number is indeed pretty small over the
dataset.

Together, these insights indicate that, typically, the search space
¥s actually relatively simple and only few steps of adding con-
necting paths and enumerating connection patterns are necessary
to close the loops. This motivates the use of the relatively simple

Since a side can be partitioned into multiple parts, and connect- breadth- rst search strategy rather than adding additional algorith-
ing paths are constructed on the level of parts, the required numbermic complexity in that part of the algorithm.
of connecting paths can be higher than the initial number of loop
pieces inX, or half the number of open ends. Figure 12 shows these Re nement Combinatorial bijective volumetric mapping algo-
numbers based on the number of paths thitinitially split into. rithms [CSZ16, HC23, NCB23, NCB24, HBC24] suffer from rel-
These numbers reveal that the vast majority of connections betweenatively large amounts of on-demand mesh re nement caused by
initial open ends must be direct connections, crossing only a single their execution. Since a key application of the cutting algorithm is
part. in this context of mapping, we also analyze this aspect of re ne-
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